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Abstract 

The relation between the trace and i?-current anomahes in supersymmetric theories impUes 
that the U(l)/jF^, U(l)/j and U(l)|j anomahes which are matched in studies of = 1 Seiberg 
duahty satisfy positivity constraints. Some constraints are rigorous and others conjectured 
as four-dimensional generalizations of the Zamolodchikov c-theorem. These constraints are 
tested in a large number of iV = 1 supersymmetric gauge theories in the non-Abelian Coulomb 
phase, and they are satisfied in all renormalizable models with unique anomaly-free i?-current, 
including those with accidental symmetry. Most striking is the fact that the flow of the Euler 
anomaly coefficient, ajjv — o-ir, is always positive, as conjectured by Cardy. 
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1 Introduction 



The computation of chiral anomalies of the i2-current and conserved flavor currents is one 
of the important tools used to determine the non-perturbative infrared behavior of the many 
supersymmetric gauge theories analyzed during the last few years. The anomaly coefficients 
are subject to rigorous positivity constraints by virtue of their relation to two-point functions 
of currents and stress tensors, and to other constraints conjectured in connection with possible 
four-dimensional analogues of the Zamolodchikov c-theorem [||. The two-point functions have 
been considered |^ as central functions whose ultraviolet and infrared limits define central 
charges of super-conformal theories at the endpoints of the renormalization group flow. The 
positivity conditions are reasonably well known from studies of the trace anomaly for fleld 
theories in external backgrounds. In supersymmetric theories the trace anomaly of the stress 
tensor and conservation anomaly of the i?-current are closely related, which leads Q to positivity 
constraints on chiral anomalies. 

Two studies of positivity constraints in the SU(A'^c) series of SUSY gauge theories with Nf 
fundamental quark flavors have previously appeared. The first of these analyzed the confined 
and free magnetic phases for Nc < Nf < 3Nc/2, while the basic techniques for computing the 
flow of central charges when there is an interacting IR fixed point were developed in 1^] and 
applied to the conformal phase for 3Nc/2 < Nf < 3A^c- The most striking result of 1^, ^ was 
the positive fiow, auv — o-iR > 0, of the coefficient a{g{fi)) of the Euler term in the trace 
anomaly in an external gravitational background, where g{^) is the gauge coupling at RG 
scale fi. This result agrees with the conjecture of Cardy |5[ that the Euler anomaly obeys 
a c-theorem. Positivity is also satisfied in all non-supersymmetric theories tested |5|, |6|. We 
shall refer to the inequality auv — ajR > as the a-theorem. The purpose of this paper is 
to present an extensive exploration of the rigorous positivity constraints and those associated 
with the a-theorem in many supersymmetric gauge theories with interacting IR fixed points 
(and some IR free models). We find that the a-theorem and other constraints are satisfied in 
all renormalizable theories we have examined, and there are other results of interest. 

In Sec. 2, which is largely a review of the various anomalies, the theoretical basis of 
the positivity constraints and the computation of central charge flows are discussed. In Sec. 
3 we discuss some general aspects of positivity constraints and the a-theorem in models with 
i?-charges uniquely fixed by classical conservation and cancellation of internal anomalies. In 
some models an accidental symmetry has been postulated to preserve unitarity, and the central 
charges must be corrected accordingly. This is discussed in Sec. 4. In Sec. 5, the positivity 
constraints are tested in many examples of renormalizable SUSY gauge models with uniquely 
determined i?-charges. We also check the a-theorem for various types of flows between conformal 
fixed points. The situation of some non-renormalizable models is discussed in Sec. 6. There are 
other models in which the conserved, anomaly free i2-current is not unique. Our methods are 
less precise in this case, but we discuss an example in Sec. 7. Sec. 8 contains a discussion of 
results and conclusions. 
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2 Anomalies and Positivity Constraints 



The theoretical basis for the analysis of anomalies in supersymmetric theories comes from a 
combination of three fairly conventional ideas, namely 

A. The close relation between the trace anomaly of a four-dimensional field theory with exter- 
nal sources for flavor currents and stress tensor and the two point correlators {J^{x)Jy{y)) 
and {T^y{x)Tpfj{y)) and their central charges. 

B. The close relation in a supersymmetric theory between the trace anomaly G = and 
the anomalous divergence of the i?-current df^R'^. 

C. The fact that anomalies of the ii-current can be calculated at an infrared superconformal 
fixed point using 't Hooft anomaly matching. This is the standard procedure, and one 
way to explain it is to use the all orders anomaly free 5-current of Kogan, Shifman, and 
Vainshtein Q. 

We now review these ideas briefly. More details are contained in [||, ^. 



A. Trace anomaly and central charges 

We consider a supersymmetric gauge theory containing chiral superfields $f in irreducible 
representations Ri of the gauge group G. To simplify the discussion we assume that the super- 
potential W = 0, but the treatment can be generalized to include non-vanishing superpotential, 
and this will be done in Sec. 2C below. 

We consider a conserved current for a non-anomalous flavor symmetry F of the 

theory, and we add a source B^{x) for the current, effectively considering a new theory with 
an additional gauged U(l) symmetry but without kinetic terms for 5^. The source can be 
introduced as an external gauge superfield B{x,6,6) so supersymmetry is preserved. We also 
couple the theory to an external supergravity background, contained in a superfield H°-{x, 9, 9), 
but we discuss only the vierbein ej^(x) and the component Vfj,{x) which is the source for the R'^ 
current of the gauge theory. 

The trace anomaly of the theory then contains several terms 

® = + 3^^(^)^'^ + - ^(^--)' + ^^M. ' (2-1) 

where W^upa is the Weyl tensor, R^upa is the dual of the curvature, and B^^, and V^i, are the 
field strengths of B^ and respectively. All anomaly coefficients depend on the coupling g{fj,) 
at renormalization scale The first term of (|2.lD is the internal trace anomaly, where (3{g) is 
the numerator of the NSVZ beta function H 



3T{G)-J2nR^)a-7^i9i^^))) 



(2.2) 
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Here T{G) and T{Ri) are the Dynkin indices of the adjoint representation of G and the repre- 
sentation Ri of the chiral superfield $f , and 7^/2 is the anomalous dimension of 

The various external trace anomalies are contained in the three coefficients b{g), c{g) and 
a{g). The free field {i.e. one-loop) values of c and a have been known for many years [^. In a 
free theory of A^o real scalars, N112 Majorana spinors, and Ni gauge vectors, the results are 

c=Y^(12iVi + 3iVi/2 + iVo) 

a = ^(124iVi + 11^^1/2 + 2iVo) • (2.3) 

In a supersymmetric gauge theory with = dim G gauge multiplets and A'^,^ chiral multiplets 
these values regroup as 



CUV = Y^i^Nv + N^) auv = ^mv + N^). (2.4) 



If Tj is the flavor matrix for the current J^{x) which is the 69 component of the superfield 
^^^T-^'j, and dimi?j is the dimension of the representation Ri, the free-field value of b is 

&£/y = E(dimi?,)iyrj (2.5) 

The subscript UV indicates that the free-field values are reached in the ultraviolet limit of an 
asymptotically free theory. Clearly c and a count degrees of freedom of the microscopic theory 
with different weights for the various spin fields. 
The current correlation function is 

{Mx)MO)) = Y^(°V - • (2.6) 



It follows from reflection positivity or the Lehmann representation as used in |1C] that the 
renormalization group invariant central function |^] b{g{l/x)) is strictly positive. We assume 
that the theory in question has UV and IR fixed points so that the following limits exist: 

buv = b{guv) = lim^^o b{gil/x)) 

biR = b{giR) = lim^.^00 b{g{l/x)) . (2.7) 

These endpoint values appear as central charges in the operator product expansion of currents 
in the UV and IR superconformal theories at the endpoints of the RG flow. 
The correlator {T^y{x)Tp„{{))) has the tensor decomposition Q 

1 „ ciqil/x)) „ „ f (logxA, ofl/x)) 

{T,,{x)T,„m = ^n^.p. + n^.n,. ^^ ^ ^' , (2.8) 

where II^i, = {d^du - d^^u^) and Il^vpa = '^^ij.u'^pa - 3{Uf,pUi,^ + Il^^nj^p) is the transverse 
traceless projector and A is the dynamical scale of the theory. The central function c{g{l/x)) is 
a positive RG invariant function. Its endpoint values cjjv and cm are also central charges. The 
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second tensor structure in ( p.^ ) arises because of the internal trace anomaly. It is proportional 
to (3{g{l/x)) and thus vanishes at critical points. 

The important point is that there is a close relation between the anomaly coefficients b{g{^)) 
and c{g{^)) and the central functions b{g{n)) and c{g{fi)). Namely b{g{^)) and h{g{jx)) differ by 
terms proportional to (3{g{fi)), so they coincide at RG fixed points. The same holds for c(g{ii)) 
and c{g{fj,)). This means that the end-point values of the anomaly coefficients are rigorously 
positive. This is evident for the free field ultraviolet values in (|2.3| - p.5D . The infrared values bjn 
and ciR must also be positive, and this is an important check on the hypothesis that the long 
distance dynamics of a theory is governed by an interacting fixed point. 

This important relation between trace anomaly coefficients and current correlators was 
derived in @, | by an argument with the following ingredients: 

i. Since the explicit scale derivative of a renormalized correlator corresponds to the insertion 
of the integrated trace anomaly, the {J^{x)Ju{0)) correlator satisfies 

/.|^(J^(x) J,(0)) = V - d,d.)6\x) - j^(o) J d'z {Pp') . 

(2.9) 

ii. The central function b{g{l/x)) satisfies a standard homogeneous renormalization group 
equation, but b{g{l/x))/x'^ requires additional regularization because it is singular at the 
origin. The regulated amplitude satisfies 



d b{g{l/x)) 



reg StT^ 5f3 3,. 



x^ 

where b{g{fi)) is associated with the overall divergence at x = 0. 
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(2.10) 



reg 



iii. Using the method of differential renormalization |11| and the RG equation, one can resum 



a series in powers of (logx/x)'^ to derive a non-perturbative differential equation, namely 

P{g)^ + 2b{g) = 2b{g). (2.11) 

This shows that b{g{^)) and the central function itself, b{g{fj,)), coincide at fixed points. 
Comparing ( |2.9| ) and ( p.lCl| ) it is tempting to identify b{g{ij,)) = b{g{n)), but this also holds 
only at fixed points since we cannot exclude possible local 5'^{x) terms in the {J J J F"^) 
correlator. It is easy to see that contributions to (JJ / F^) begin at order ^(/x)^. It is 
assumed that the local terms have no singularities which could cancel the zero of (3{g). 



The anomaly coefficient a{g{^)) is related to 3-point correlators of the stress tensor |12] 
rather than to (T^^Tpfj). However it is clear that a{g{ii)) is significant, and that the fixed 
point values auv-, buv, cjjv and ajR, b[ji, cm are important quantities which characterize the 
superconformal theories at the fixed points of the RG flow. 



5 



c-theorems: In two dimensions Zamolodchikov established the c-theorem by constructing 
a function C{g[^)) as a linear combination of (suitably scaled) {T^zTzz)-, {Tzz&) and (00) 
correlators which satisfies: 



/^-C(5(m))>0 



^C(5(/i))|g=,. =0 (2.12) 
C{g*)=c* 

where c* is the Virasoro central charge of the critical theory at the fixed point g = g* or, 
equivalently, the fixed point value of the external trace anomaly coefficient 

e = ^c*R, (2.13) 

where R is the scalar curvature. The properties ( |2.12| ) imply cuv — ciR > which is the 



form in which the c-theorem is usually tested |13]. The ingredients of Zamolodchikov's proof of 



these properties are conservation Ward identities, rotational symmetry, reflection positivity, and 
Wilsonian renormalizability. There is a similar proof [|l^] of a A;-theorem for the central charges 
of conserved currents, which leads to buv — bm > in our notation. There are alternative 
proofs 1^, 1C| of the c and /c-theorems in two dimensions based on the Lehmann representation 



for the invariant amplitudes in the decomposition of < T^y{p)Tpfj{—p) > and < Jfi{p)Ju{—p) >■ 
The techniques used in the two-dimensional case cannot be extended to four dimensions 
||5|, ^, and it has not so far been possible to construct any C-function for four-dimensional 
theories which satisfies (2.11). The best thing one now has is Cardy's conjecture [0] that there 



is a universal c-theorem based on the Euler anomaly, so that auv ~ o-iR > in all theories. 
There is theoretical support for this conjecture fl^, and empirical support by direct test in 
models where the infrared dynamics is understood. The a-theorem is true in all models so far 
tested which include 



(i) SU(A'^c) QCD with A'^^ — 1 gluons and NjNc quarks |^]. An infrared realization as a 

^1 



confined theory with chiral symmetry breaking and N'j — 1 decoupled Goldstone bosons 



is assumed. 

(ii) QCD at large with Nf = llNc/2 — k near the asymptotic freedom limit. The infrared 
limit is computable in perturbation theory because of the well known close two-loop fixed 
point [|l3. Actually ajjv — ajR = to order l/N^ for reasons we discuss below. 



(iii) SU(iVc) N = 1 SUSY QCD in the confined and free magnetic phase for Nc<Nf<^ 



(iv) SU(iVc) N = 1 SUSY QCD in the non-Abehan Coulomb phase for ^ < Nf <3Nc^. 

One may take a more general empirical approach and test whether other c-theorem can- 
didates such as the total flow buy — ^IR and cuv — cjr (or possible linear combinations with 
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auv — O'Ir) are positive in the models above. It is known that Cfjv — cjr is positive in the 
situations i) and iii) Q above, but negative in situation ii) and changes sign from positive 
to negative as Nf increases in the theories of iv). Thus a universal "c-theorem" is ruled out. 
In the Appendix below we present brief calculations to show that a 6-theorem cannot hold in 
situations i)~iii) above, and it is known IH not to hold in situation iv). 

Thus the a-theorem, auv ~ o-iB. > 0) emerges as the only surviving candidate for a universal 
theorem in four dimensions. The desired physical interpretation requires the existence of an 
^-function A{g{iJ,)) which decreases monotonically from auv to am and counts effective degrees 
of freedom at a given scale. Thus the relation auv ~ o,iR > would make little physical sense 



unless ajR is positive. Indeed it has been argued |15| that a{g{fi)) is positive at critical points 
if a conjectured quantum extension of the weak energy condition of general relativity is valid. 

Let us now summarize this discussion of the positivity properties of trace anomaly coeffi- 
cients. The free-field values auv, buv, cuv are automatically positive. Positivity is rigorously 
required for bm and cm, and it is a useful test of our understanding of the infrared dynamics to 
check this property in models. We will also explore the conjectured a-theorem and the related 
condition am > 0. We will also show that the "data" for A'' = 1 SUSY gauge theories in the non- 
Abelian Coulomb phase imply that there is no linear combination u{auv — o-ir) + v{cuv — cir) 
which is positive in all models (except for t; = 0, u > 0). 

B. Relation between G and d^R^ anomalies in SUSY/SG. 

In a supersymmetric theory in the external U(l) gauge and supergravity backgrounds discussed 
above, the divergence of the current and the trace of the stress tensor are components of a 
single superfield. Therefore the supersymmetry partner of the trace anomaly of is 

M^jRn = —MiFF) - + '^^^RR + 5^<^^y^(W) (2.14) 

where R and R on the right hand side are the curvature tensor and its dual. The ratio —2/3 
between the first two terms of (^]^) and ( ^.14 ) is well known in global supersymmetry, but the 



detailed relation of the anomaly coefficients of the gravitational section was first derived in y] 
by evaluating the appropriate components of the curved superspace anomaly equation 

D'^Jaa = ^ {cW^ - aE) (2.15) 

where Jaa, and H are the supercurrent, super- Weyl, and super-Euler superfields respectively. 
This equation shows that all gravitational anomalies are described by the two functions c{g) 
and a{g), and this is also the reason why the coefficients of the third and fifth terms of (|2.l| ) 



are related. An alternate derivation of ( 2.14 ) which does not require superspace technology was 
also given in [0]. 



The last three terms of ( p. 14 ) are essentially the same as the anomalies usually computed in 



studies of A = 1 Seiberg duality. It is this fact that leads to immediate positivity constraints 
on supersymmetry anomalies which we can test easily in the various models in the literature 
which fiow to infrared fixed points. 
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C. Computing infrared anomaly coefficients. 



In this section we discuss how the infrared central charges bm, cm and aiR are related to 
the conventional U(l)ijF^, U(l)/j and U(l)|j anomalies. This is already quite clear, and some 
readers may wish to jump ahead to the final formulae at the end. However we do think that 
it is useful to derive this relation using the formalism of the all-orders anomaly-free 5^ current 
introduced in 0. The external anomalies of this current can be clearly seen to agree in the 
infrared limit with those of the i?^ current which is in the same multiplet as the stress tensor, 
and thus part of the = 1 superconformal algebra of the infrared fixed point theory. A very 
clear explanation of the 5^ current is given in Section 3 of [Q] for the case of general gauge 
group G and arbitrary superpotential W{(j)). We summarize and exemplify the argument for 
the slightly simpler case of cubic W{4)). 

Gaugino fields are denoted by A"(x) , a = 1, . . . , dim G, and scalar and fermionic components 
of ^f{x) by (pfix) and iljf{x) respectively. The canonical current (which is the partner of 
the stress tensor), and the matter Konishi currents for each representation are 



1 



(2.16) 



Conservation of the Konishi current is spoiled by a classical violation for any non-vanishing W 
and a 1-loop exact chiral anomaly. The internal anomaly of in (|2.14| ) can also be generalized 
to include W. The divergences of these currents are then (external sources are dropped) 



+ 



TiRi 



167r2 



■FF 



+ 



487r2 



3r(G)-Em)(i 



FF 



(2.17) 



(2.18) 



where | indicates the 6'^ component of the superfield minus its adjoint. The anomaly-free R 
current usually stated in the literature for any given model is a specific linear combination 
(assumed unique here) 

Si; = R^ + W^*K^. (2.19) 



which is conserved classically and non-anomalous to one- loop order. This means that all terms 
in its divergence, 

1 



+ 



487r2 



3r(G)-5:r(i?,)(i-(7; + 7^)) 



(2.20) 



cancel except those with coefficients 7j. There is then a unique (flavor singlet) all-order con- 
served current ^ 

(2.21) 



5'^ = i?^ + ^E(7r-7.)i^f 
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Its divergence vanishes, 



1 ^ dW 



+ 



487r2 



FF = 0, (2.22) 



and the vanishing of the coefficients of FF and the independent cubic terms means that the 'j^ 
are the unique set of numbers which make the gauge and various Yukawa beta functions vanish 
The 7* then have the physical interpretation as IR anomalous dimensions of the superfields 
assuming that there is an IR fixed point. In the infrared limit, 7j — > 7^* in ( |2.21 ), and — > R^. 
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It is worth noting that the coefficient in front of the Konishi current in ( |2.21 ) is a manifestation 



of positive anomalous dimension of the anomalous Konishi current ||16| . In physical correlators 
the infrared limit can be associated with large distance behavior. Therefore in the infrared (large 
distance) limit of correlators with an insertion of R^ = S^ — \ ^iilt ~ li)^^ the contribution 
of the Konishi current decreases faster than the contribution of the current which has no 
anomalous dimension. Thus the and R^ operators and their correlators agree in the long 
distance limit, as is required at the superconformal IR fixed point. In the free UV limit ji 0, 
and Sq. As we will see shortly this means that external anomalies of coincide with 

those computed in the literature. 

We distinguish three classes of models in which one obtains unique Sq and currents. The 
first is the set of models with chiral fields in Nf copies of a single (real) irreducible representation 
R (or A'^^ fields in R(B R) and no superpotential. It is easy to see that the unique current 
in these two cases is 

(where K^" and K-^ are the Konishi currents of fields in the R and R representations, respectively, 
and we use T{R) = T{R) and 7 = 7). Comparing with ( |2.2D , one can see that the coefficient of 
the Konishi terms is proportional to j3{g{(j)) and thus vanishes in the infrared limit if there is 
a fixed point. 



The second class of models are those of Kutasov |17] and generalizations p8| , p!9[ in which 
we add a superfield X in the adjoint representation to the previous matter content and take 
W = f'Ti . We let K'^ and denote the Konishi current and anomalous dimension for 
the adjoint fields. The procedure outlined above leads to the unique currents 




S" = fl" + i ( 1 - -^^y - 7(9, /) j Y.(K^ + A',") - jlxKj (2.24) 

for the cases of representations R © adj, and R(B R(B adj, respectively. If there is an IR fixed 
point, then both /3j = 3/7x/2 and P{g) given in ( |2.2| ) must vanish, and it is easy to see that all 
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coefficients of the Konishi terms in ( p.24|) vanish if this occurs. The procedure may be extended 
to more general models with W = f Tr X^~^^, k > 2, using the modification of ( |2.20| ) (see 
Section 3 of [|^]) for general superpotentials. 

Another common class of models resembles the "magnetic" version of SU(A'c) SUSY QCD. 
There are Nj flavors of quark and anti-quark fields q and q in conjugate representations R' and 
r' of a dual gauge group G' plus a gauge singlet M in the {Nf, Nf) representation of the flavor 
group. The models have a cubic superpotential W = fqMq. In this case the unique current 
is 

S^ = R' + l[l- 2Nff{l) - + < - 20 - ^(27. + 1m)K^m, (2.25) 

and one can check again that the coefficients of independent Konishi currents vanish exactly 
when Pg = = 0. 

Because the operator S'^ is exactly conserved without internal anomalies, 't Hooft anomaly 
matching pO] can be applied to calculate the anomalies of its matrix elements with other exactly 



conserved currents, such as 9^(5^T'"^T^'^). One argument for this (Sec 3 of |Q) is the following. 
The operator equation 9^5^ = holds in the absence of sources, and it must remain local when 
sources are introduced. For an external metric source dimensional and symmetry considerations 
restrict the possible form of the matrix element to 

{d^S^'ix)) = soRRix) (2.26) 

where the right hand side is local. A priori so{g{p,)) could depend on the RG scale ^. However, 
5^ in this case is an RG invariant operator, so matrix elements cannot depend on g{fi). There- 
fore So must be a constant, hence 1-loop exact. If we now use the fact that S and R coincide 
at long distances we have the chain of equalities 

d{RTT)iR = d{STT)jR = d{STT)uv = d{SoTT) (2.27) 

where the last term simply includes the one loop graphs of the current So and gives the U(1)r 
anomaly coefficient quoted in the literature. Similar arguments justify the conventional calcu- 
lation of of \J{1) rFF and U(l)^ anomalies. 

Formulae for anomaly coefficients: The previous discussion enables us to write simple 
formulae for the infrared values of the anomaly coefficients in terms of the anomaly-free R- 
charges quoted in the literature. For a chiral superfield $f in the representation Ri of dimension 
dim Ri the -R-charge is related to 7* in the Sq current (|2.19| ) by ri = {2 + 7*)/3. 

The quantities bjR, cm and aiR are the infrared values of the trace anomaly coefficients 6, 
c and a in (p.l|). They are normalized by the free field values in (2.4) and (2.5) and are related 
to i2-current anomalies by ( |2.14 ). One then obtains 



hiR = -3U{1)rF^ = 3 ^(dimi?i)(l - ri)T^ 
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ciR - aiR = -j^U{l)R = -^(dimG + ^(dimi?i)(ri - 1)) 

i 

5aiR - 3ciR = ^U{l)% = ^{dhnG + J2{dimRi)iri - if) (2.28) 

i 

CIR = ^(9^(1)1 - 5U{1)r) = l(4dimG + 5](dimi?,)(l - r0(5 - 9(1 - nf) 

i 

am = ^(3f/(l)| - U{1)r) = ^(2dimG + ^(dimi?,)(l - - 3(1 - nf )). 

i 

Note that the i?-charge of the fermionic component of is — 1 and appears in these 
formulae, which are vahd for theories in an interacting conformal phase with unique anomaly 
free -R-charges and no accidental symmetry. The treatment is extended to include accidental 
symmetry and theories with nonunique -R-charge in later sections. 

The hypothesis that there is a nontrivial infrared fixed point in any given model is established 
by several consistency tests which in the past did not include the positivity conditions we 
have discussed. The set of infrared i?-charges assigned in the literature is not guaranteed to 
produce positive biR, cir, uir so the positivity constraints provide an additional check that 
the hypothesis of an interacting fixed point is correct. 

The corresponding UV quantities are obtained from ( 2.2^ ) by replacing rj — > 2/3, and one 



can check that ( |2.4| ) and ( |2.5| ) are reproduced when this is done. Thus for flows without gauge 
symmetry breaking the total flow of the central charges from the UV to the IR is due to the 
difference between the canonical and non-anomalous i?-charges, and are given by the following 
formulae: 

buv - 6/ij = 3^(dimi?,)[(r, - ^T^T;] (2.29) 
CUV - c/R = ^^(dimi?,)(2 - 3r,)[(7- 6r,)' - 17] (2.30) 

i 

auv -aiR = ^ V(dimi?,)(3ri - 2)^(5 - 3r,). (2.31) 
9b ^—^ 

Higgs flows with spontaneous symmetry breaking of gauge symmetry are studied in Section 3. 

There is a rather interesting aspect of the formulae ( 2.2S| ), ( p.30| ), ( |2.31 ) for central charge 
flows. In perturbation theory about a UV free fixed point the quantity (2 — 3rj) is of order g^. 



Thus our formulas are consistent with the 2-loop calculations of |21] who found that radiative 



corrections to c{g) begin at 2-loop order (and quantitatively agree with the perturbative 



limit of ( 2.30 )), while corrections to a{g) vanish at 2-loop order. The "input" to ( 2.31 ) comes 
from 1-loop chiral anomalies, so it is curious that the formula for auv ~ o-ir "knows" about 
2-loop curved space computations. 

The perturbative structure becomes more significant when we consider the physical re- 
quirement that a c-function must be stationary at a fixed point, and that Zamolodchikov's 
C-function actually satisfies ■§^C{g) = at a fixed point. A monotonic interpolating yl-function 
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is not known in four dimensions but one can consider a candidate A-function obtained from 
aiR in ( |2.28D by replacing the infrared values of by their values calculated along the flow, 
i.e. Ti (2 + 7i((7(/i)))/3. This candidate j4-function naturally satisfies Zamolodchikov's sta- 
tionarity condition at weak coupling. The analogous candidate C-function obtained from cm 
of (|2^ ) does not. 



3 Models with Unique i^-charge 

In this section we discuss the positivity conditions bjR > 0, cjr > 0, o/k > and auv — o^iR > 
in a large set of models in the literature where the anomaly-free i?-charge is unique. While some 
of these models will be considered in more detail in the next two sections, here we are going to 
analyze some general aspects. It is worth emphasizing that even though the positivity of bm 
and ciR follows generally from unitarity constraints, the fact that they turn out to be positive in 
our approach is additional evidence that our understanding of the infrared dynamics is correct. 

The positivity constraint auy — ajR > deserves some comments. As explained above, the 
gravitational effective action depends on the functions a and c. It is natural to assume that 
a candidate C-function measuring the irreversibility of the RG flow may be a universal model 
independent linear combination C = ua + vc. We are going to show that the only combination 
C = ua + vc which satisfies AC = u{auv — clir) + v{cuv — cir) > for all models is just 
C = a. First note that since there are theories (e.g. SU(7Vc) SUSY QCD with Nf < 3Nc) with 
cuv — Cir of either sign and ajjv — o-iR positive, one must take u > 0. It is then sufficient 
to assume u = 1. Consider the electric version of Seiberg's SU(A'^c) QCD with A''^ fundamental 
flavors in the conformal window, 3Nc/2 < Nf < 3Nc- In the weak coupling limit Nc, Nf oo 
and Nc/Nf 3, the work of Q shows that Ac < and < Aa <<| Ac |. So we have v < 0. 
On the other hand in the weak coupling limit Nf — > oo and Nc/Nf 3/2 of the magnetic 
theory one can see that < Aa << Ac so we have v > 0. Then v = 0, and auv — ciiR > is 
the only universal a-theorem candidate. 

Below we state simple sufficient conditions for the positivity constraints bjR > 0, cir > 0, 
o-iR > 0, and also for auv — o-iR > in the case of RG flows from a free ultraviolet to an infrared 
fixed point. Remarkably enough, these sufficient conditions can be quickly seen to be satisfied 
in most of the conformal window of all renormalizable theories that we have analyzed. Closer 
examination is required for cases with accidental symmetry. There are also many examples 
of flows between interacting fixed points which are generated by various deformations. These 
situations are discussed in later sections. 



A. Sufficient conditions 

We first note that in part of the conformal window of some models, the unitarity bound r > 2/3 
fails for one or more composite operators of the chiral ring. Then the formulae ( ^.28 ) for 
infrared anomalies require correction for the ensuing accidental symmetry. Such cases are 
discussed separately in Sec. 4, and we consider here models without accidental symmetry. 
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which necessarily have rj > 1/3 for all fields of the microscopic theory. 

The simplest way in which the positivity conditions can be satisfied is if the contributions 
to bjR, cjR and am in ( |2.2g| ), and to auv — clir in ( p. 31 ), are separately positive for each 
contributing representation Ri. This leads to the following sufficient conditions: 

(i) biR > if < 1 for all chiral superfields 



(h) ciR > if 1 - Vb/2, = .254 < < 1 or > 1 + ^/5/3 = 1.745 for ah ¥ 



(ih) a/K > if 1 - 1/^/3 = .423 < < 1 or > 1 + 1/^3 = 1.577 for all ¥ 



(iv) auv - aiR > if < 5/3 for all 

In all of the models examined we find that in the part of the conformal window where no 
accidental symmetry is required, 

a. ) remarkably, rj < 5/3 for all renormalizable models, so the a-theorem is always satisfied. 

b. ) 1 — \/5/3 < rj < 1 in all electric models without accidental symmetry. Since electric and 

magnetic anomalies match in all models, we have hm > and cjr > on both sides of 
the duality. 

c. ) 1 — l/\/3 < Tj < 1 is satisfied in part of the conformal window of all theories, but not 

always. But the sufficient condition is rather weak, and the positive contribution of the 
gauge multiplet am always ensures ajR > in the non-accidental region. 

Thus, most of the positivity conditions, especially the a-theorem, can be verified essentially 
by inspection of the tables of i?-charges presented in the literature on the various models. 
Actually, in many cases one can prove that rj < 5/3 as a consequence of asymptotic freedom 
in absence of accidental symmetry (i.e. when all rj > 1/3). Explicit check is then unnecessary. 
We illustrate this in three simple situations 

i) For models with Nf copies of a single irreducible real representation R (or Nj copies of 
RQ) R), one can see from the 5^ current in ( |2.24| ) that 7* = 1 — ^^^^ (or 7* = 1 — 2Af^r( j;) ) 
and asymptotic freedom gives 7* < in both cases. Thus r = (2 + 7*)/3 < 2/3. 

ii) For renormalizable Kutasov-Schwimmer type models the current ( |2.25| ) immediately gives 
the same information, r < 2/3 for the fields in R and R and rx = 2/3. 

iii) We also consider models which have the same structure as magnetic SU(A''c) SUSY QCD, 
namely Nf fields g in a real representation R' of a dual gauge group G' (or Nj fields q, q in 
R' ® R') plus a gauge singlet meson field in the Nf (gi Nf (or (1, Nf ) (Nf , 1)) representation 
of the flavor group SU(iV/) (or S\J{Nf) x SU{Nf)). There is a superpotential W = qMq (or 
W = qMq) . Here again one can inspect the gauge beta function (or the appropriate current 
( p.25D ) and find 7* < and l/3<rg<2/3. The superpotential then tells us that rjv/ = 2 — 2rg 
satisfies 2/3 < vm < 4/3 with the upper limit from unitarity without accidental symmetry. 
Thus again rj < 5/3 for all fields. 
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B. Flows between superconformal fixed points 

A conformal fixed point is characterized by the values of b, c and a. These values do not 
depend on the particular flow which leads to or from this conformal theory. Therefore one may 
be interested in a computation of the flow ajjv ~ clir for a theory which interpolates between 
two interacting conformal fixed points. Such an interpolation may be obtained by deforming 
a superconformal theory with a relevant operator which generates an RG flow driving the 
theory to another superconformal fixed point. Since we know the conformal theories at both 
ultraviolet and infrared limits of this interpolating theory, the computation simply requires 
subtraction of the end-point central charges. In this case we do not need to construct any 
S'-current interpolating between the ultraviolet and infrared conformal fixed points. However 
it is interesting that in some cases one can construct such an S-current and check directly the 
value of the flow auv — o-iR- We discuss below aspects of various types of deformations. 

• Mass deformations. 

The simplest case is a mass deformation. Consider a conformal theory (H) characterized 
by , and which contains a chiral superfield $ in a real representation of the gauge 
group (or a pair of chiral superfields $ and $ in conjugate representations). Such a theory 
may be deformed by adding a gauge invariant mass term Wm = -y*^^ ~ ^^^)- We 

assume that the heavy superfield $ (or <I> and <I>) decouples from the low-energy spectrum, and 
that the resulting theory flows to a new conformal fixed point with a smaller global symmetry 
group, and characterized by the values a^, b^ and c^. Since the heavy fields of the original 
theory do not contribute to infrared anomalies, we have aju = a^, bjR = b^, cjr = c^. On the 
other hand the heavy fields contribute to ultraviolet anomalies so that auv = buy = 
and cijv = ■ Thus we have auv — 0.IR = — ■ As a result we expect that auv > a-iR- 
This is indeed the case for all the models that we have analysed. 

One can obtain a simple analytic formula in the case of an electric type theory with Nf 
copies of R® R representation and no superpotential. In this theory r = 1 — T{G)/2NfT{R) 
for the Nf quarks of the theory H. We consider a mass deformation of H which leaves Nf — n 
massless quarks in the theory L. These quarks have r = l — T{G)/2{Nf — n)T{R). Substituting 
these charges in the formula ( 2.3l| ) we subtract with the result 



9dimRT{Gy / 1 1 



In the special case of interpolation between an ultraviolet free theory and an infrared non- 
trivial conformal fixed point one can apply a more formal argument. In this case we consider the 
electric theory above with added mass term for the n massive quarks. The unique current 
of this new theory is 

= + - m^-nm,,) - 7.) if> i(i - 7«X. 

where the superscripts L and H indicate Konishi currents for the light and heavy quarks, 
respectively. Thus = 1 and r// = 1 so that the heavy quarks do not contribute to ajR = aL 
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in (|23lD. For the light quarks 72 = 1-3T{G) /2{Nf -n)T{R) andri = l-T{G)/2{Nf-n)T{R) 
which is exactly the correct value in the low-energy theory of Nf—n flavors. Thus the current 
analysis leads to the same value of am = cll used above. 



• Higgs deformations. 

There are two qualitatively different types of Higgs deformations. The first is a deformation 
along flat directions of the potential for the scalar fields. Under such a deformation one generi- 
cally breaks both the gauge and flavor symmetries. While the Goldstone bosons corresponding 
to the gauge symmetry breaking are eaten by the Higgs mechanism, the Goldstone bosons of 
the flavor symmetry breaking remain in the massless spectrum of the theory. Therefore these 
Goldstone bosons (and their superpartners) have to be taken into account in the computation of 
the infrared values of a, b and c of the resulting theory. It is implicitly assumed in the literature 
that these Goldstone superfields decouple from other light fields of the low-energy theory and 
are free in the infrared. We thus assign r = 2/3 to these fields. 

In general the positivity of the flow ajjv ~ 0.IR under the Higgs deformations is nontriv- 
ial evidence for the a-theorem. In a simple situation of flow from the higgsed ultraviolet free 
theory to an infrared conformal fixed point the positivity of auy — ajji follows from the fol- 
lowing argument. Let us consider an asymptotically free theory T. Let us also consider an 
asymptotically free theory T^^^ which is a higgsed version of T along a flat direction and flows 
to a nontrivial conformal theory in the infrared, CFTj-^. We are going to argue that the flow 
ai/Y{T^^'^) — > 0. We assume that there are n Goldstone chiral superfields that decouple 
from the rest of the theory. It is convenient to define another asymptotically free theory T^^^ 
which is just the theory T*^^^ with all massive fields dropped out plus n free chiral superfields. Let 

us assume that the interacting part of the theory T^^-* is also in its conformal window and flows 

(2) 

to a nontrivial conformal theory CFT]-^, and the a-theorem is satisfied for this fiow. We have 
CFTfl = CFTfl © (n free chiral superfields). Therefore instead of the fiow T^^) ^ CFt{^^ 
one can consider the two step flow T^y — > T^y © (n free chiral superfields) —>■ CFT^^ (see 
Fig. 1). 

Tijy © (n free chiral superfields) 




Fig. 1. The diagram of flows under Higgs deformations. 

Since the a-theorem is trivially satisfied for the fiow Tjjy T^y©(n free chiral superfields) 
we arrive at the conclusion that ai/yiT^^^) — a^^^ > 0. 

The second type of Higgs deformation is the magnetic counterpart of a mass term in the 
electric theory. To be concrete we consider SU(A^c) SUSY QCD with electric quarks and 
anti-quarks Qf, where a = 1 . . . Nc, and i = 1, . . . , Nf are color and fiower indices, respectively. 
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The magnetic theory has G = SU{Nf — Nc) with quarks, anti-quarks and meson qf, q^, and 

Ni ~ Nr 

Mj. The mass perturbation Wm = TnQa in the electric theory is mapped to Wm = rnMj^^ 
on the magnetic side so that flavor symmetry is broken explicitly to SU(A^/ — 1). Analysis 



|23] of the magnetic equations of motion shows that there is a Higgs effect with {qNfQ ^) 7^ 0, 
so the gauge group is broken to S\J {Nf — Nc — I). The spectrum contains massive fields plus 
the light fields of the magnetic effective low energy theory with G = SU{Nf — Nc — 1) and 
Nf — 1 flavors. If this theory is still in its conformal window, i.e. Nf — 1 > ^Nc, then ajji 
can be computed from ( 2.28| ) with the matter content and the gauge group of the low-energy 
theory. 

As an example one may consider a special case of the flow from the higgsed ultraviolet free 
theory to an infrared conformal fixed point. It should be no surprise that there is also a formal 
argument (based on a consideration of a conserved 5"^ current) since the conserved i?-current 
on the electric side corresponds to a conserved current on the magnetic. One can verify that the 

Nf 

magnetic theory, with Wm = niMj^^ has a unique set of anomaly free i?-charges. There is an 
elaborate cancellation of the contributions of heavy fields to the and U(l)jj anomalies, 

and only the expected contributions from fields of the low energy effective theory remain. 
• Deformations of superpotential. 

One can also consider more general deformations of the super conformal theories by relevant 
operators. A particular type of deformation is obtained by adding a relevant chiral gauge 
invariant operator to the superpotential of a superconformal theory. As a result the deformed 
theory may flow to another fixed point along the RG flow generated by the deformation. In all 
renormalizable models that we studied the induced flow of a is positive but this is not true in 
non-renormalizable models (see Section 6). Examples of interpolating flows are those between 
the k and k — 1 Kutasov-Schwimmer models which are discussed in Section 5. 



4 Accidental symmetries 

In this section we explain the computation of the infrared values of a, 6 and c in the presence of 
accidental symmetry. The appearance of accidental symmetry is associated with an apparent 
violation of the unitarity bound r > 2/3 for a primary gauge invariant chiral composite field M. 
The simplest hypothesis explored in the literature (for a review and discussion see ref. is 
that this signals that the field M is actually decoupled from the interacting part of the theory. 



and becomes a free chiral superfield in the infrared |22|. 

On the other hand the R charge is equal to 2/3 for a free chiral superfield, which contradicts 
the result of computation with the 5*^ current. A plausible explanation is that there is an 
additional anomaly free global U(l) generated by the spin-1 component J^^^ of the composite 
superfield MM. The field M is charged with respect to the current but the other fields 
are not. In this case the perturbative anomaly free S*^ current can mix with the jj^^^^ current 
under the RG flow because the scaling dimension of the latter tends to the canonical dimension 
3 of a conserved current. Thus the infrared R current can be determined as an infrared limit 
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of a linear combination 



i?;^ = S^ + A^, (4.32) 

where = Xjji^\ The coefficient A is fixed by the condition that R = 2/3 for the field M. 

Assuming that this picture is correct one can easily compute the infrared values of the central 
functions a, b and c. In the notation of Sec. 2, one has to compute the three point correlators 
{RRR)jji and {RTT)ir. Substituting the expression ([4.32 ) for R^ into these correlators one 
has (the subscript IR is omitted here) 

{RRR) = (SSS) + 3{SSA) + 3{SAA) + (AAA), (RTT) = (STT) + (ATT). (4.33) 

At this point we note that the correlators {SSA), (SAA), (AAA) and (ATT) are saturated by 
the free chiral field M and hence they can be easily computed, i.e. we have 

(SSA) = {SSA)f,,,, (SAA) = {SAA)f,,„ (AAA) = {AAA)f,,„ (ATT) = {ATT)^,,,. 

Thus the correlators {RRR)jji and {RTT)jji can be rewritten as follows: 

{RRR)lR = {SSS) + {RRR)free - {SSS)free, 

{RTT)iR = {STT) + (i?rr)free - (5Tr)free. (4.34) 

As we explained in section 2 the central charges ajR and cm are just given by linear combi- 
nations of the correlators {RRR)ifi and {RTT)iji. We consider the case where there is one 
accidental U(l) symmetry for the gauge invariant composite superfield M in an irreducible rep- 
resentation of the flavor group of dimension dimM (more general cases can easily be handled). 
The corrected infrared values of the central charges are 

(0) dim M 2/ 
am = a}^ H — — (2 - 3rM) (5 - 3rM), 

cm = cfl + ^^(2 - 3r,,)[(7 - Gtm? - 17]. (4.35) 

Here we denoted by af'^ and c^*^ the expressions for a and c given by equations ( 2.28 ), and 
rjvf stands for the S charge of the chiral fleld M, specifically the sum of the S charges of its 
elementary constituents. Since by assumption r < 2/3 it is easy to see that the correction to a 
is always positive. The correction to c is positive at r < (7 — \/T7)/6 ~ .479 and negative at 
.479 PS (7 — \/T7)/6 < r < 2/3. In some models the accidental correction is required to make 
am and cm positive, so the sign is important. 

In general the formulas for the infrared values of fiavor central functions should also be 
corrected due to the presence of accidental symmetries. The general formula for the corrected 
b can be easily obtained along the above lines and reads 



biR = bf^ + 3T;T^ [rM 



17 



Here we denoted by b^j^^^ the expression for bjR given in ( 2.2^ ), stands for the flavor generator 
associated with b. The correction dim M {tm — 2/3) is always negative. 

Deformations of conformal fixed points with accidental symmetry. In the following we test 
various examples of superconformal models and flows between them. In particular we will 
consider flows from superconformal models with accidental symmetries taken as an ultraviolet 
fixed point to different infrared fixed points. Such a flow may be generated by appropriate de- 
formation of the ultraviolet theory with a relevant operator. It is important that the ultraviolet 
theory has to be taken together with the free chiral fields generating the accidental symmetry. 
In fact the deformation of the ultraviolet theory by a relevant operator generates a non-trivial 
coupling of the interacting part of the UV theory to the accidental chiral superfields. This turns 
out to be important for positivity of ajjv — am- 



5 Examples of models with uniquely defined S current and the 
flows 

In this section we give detailed results for the models that we have analyzed. We mainly focus 
on subtleties met in the computations of the infrared values of a and c. 

5.1 Models with one type of irreducible representation 

This class of models includes the SU(A''c) series, SO(A'^c) series |Q, Sp(2A''c) series [^], Pouliot 
Spin(7) model [^], Distler-Karch models with exceptional groups j26U . 

• Seiberg's QCD with G = SU{Nc), SO{Nc) with Nf, and Sp(2iVc) with 2Nf fundamentals. 
Conformal windows are 3Nc/2 < Nf{SU) < 3Nc, 3(iVc - 2)/2 < Nf{SO) < 3{Nc - 2), 3{Nc + 
l)/2 < Nf{Sp) < 3{Nc + 1). There are no accidental symmetries. Since all R charges obey 
r < 5/3 we always have Aa = ajjv ~ ctiR > for the flows from the free ultraviolet to conformal 
fixed points. The results of our computations are given Table 1. It should be noted that all flows 
vanish quadratically in the respective weakly coupled limits of electric and magnetic theories. 
This agrees with the discussion of the perturbative limit at the end of Sec. 2. 



Table 1. Flows from UV free theories to Seiberg's conformal QCD. 



Gauge group 


ai/v — O.IR in electric theory 


ajjv — o-iR in magnetic theory 


SU(iV,) 


48 V ) \ Nf ) 


12 {^-lw;)'\3Nc+^N,Nf + 3Nf) 


SO(iVc) 


Nc(-6+2Nf+3Nc){6+Nf-3Ncf 


Nc(-6-2Nf+3Nc)'^{3N'f~6Nc+4NcNf+3N'^) 


96N'j 




Sp(2iV,) 


(-3+Nf-3Nc)^Nci3+2Nf+3Nc) 
2iN'j 


{3-2Nf+3Ncy''i3N'f+3Nc+4N^Nf+3N'^) 
2AN'j 



The models considered below have non-renormalizable magnetic versions. Therefore we 
discuss only the electric versions that are renormalizable. The results of our computations are 
given in Table 2. Aspects of the RG flows of non-renormalizable theories are considered in the 
next section. 
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• Spin(7) Pouliot model with Nf spinors 8, Qi. Conformal window: 7 < Nf < 14. We have 
in the infrared rg^ = 1 — 5/Nf. There is an accidental symmetry at Nf = 7 due to decoupled 
QQ singlet. In Table 2 we separated the accidental corrections to am and cir from the regular 
ones. Note that the correction to cir turns out to be negative. 

• G2 with Nf 7. Conformal window: 6 < TV/ < 11. We have R^^ = 1-4/iV/. The accidental 
symmetry point appears aX Nf = 6 where QQ has r = 2/3 and hence it is free. Therefore there 
are no accidental corrections to the central charges. 

• E-j Distler-Karch model: 4 fundamentals 56, Qf, vq = 1/4. 

• Eq Distler-Karch model (1): 6 fundamentals 27, Qi] vq = 1/3. 

• Eq Distler-Karch model (11): 3 x (27-1-27) fundamentals Q^; rq = 1/3. 

• F4 Distler-Karch model: 5 fundamentals 26, Qf, rq = 2/5. 

• F4 Distler-Karch model: 4 fundamentals 26, Qi; rq = 1/4. There is an accidental 
symmetry associated with decoupling of meson fields Mij = QiQj. In Table 2 we separated the 
accidental corrections to ajR and cjr from the regular ones. Again the correction to cjr turns 

out to be negative. 

• Spin(8) Distler-Karch model: 4 x (8„ -|- 8c + 8^) fundamentals Q; rq = 1/2. 



Table 2. The infrared a and c charges, and flows from the ultraviolet free theory to conformal 
fixed points. 



Model 


aiR 


CiR 


electric theory, 
^UV - O-IR 


Spin(7) with Nf > 7 spinors 8 
no accidental symmetry 


123 1125 ^ n 
16 WJ ^ ^ 


71 1125 ^ n 
8 4^1" ^ " 




Spin (7) with Nf = 7 spinors 8 

accidental symmetry 


1527 , 23 4903 
784 168 2352 


1229 13 3505 
392 84 1176 


3551 
1176 


G'2 with 7 < A// < 11 in 7 
no accidental symmetry 


21 126 ^ n 
4 7V^ " 


49 126 ^ n 
8 nJ ^ ^ 


48 Nf) Nf) 


E- with i fuudMUiculiils 56 


903 
()4 


1013 
64 


2975 
192 


Eq with 6 fundamentals in 27 


45 
4 


105 
8 


27 
4 


Ee with matter in 3 x (27 -|- 27) 


45 
4 


105 

8 


27 

4 


F4 with Nf = 5 in 26 


1833 
200 


1079 
100 


247 
75 


F4 with A/ = 4 in 26 
accidental symmetry 


1209 1 7 _ 3739 
256 48 768 


1625 1 4859 
256 48 768 


5413 
768 


Spin(8) with matter in 
4 X (8„ + 8c + 8,) 


51 
8 


61 

8 


7 

8 



5.2 Deformations 

• Deformations of SU(Ac), SO(Ac) and Sp(2Ac) Scibcrg QCD models. Higgsing of the Seiberg 
superconformal models corresponds to Ac, Ay ^ Ac = Ac — 1, Nf = Nf — 1. The infrared 
theory has 2{Nf — 1) decoupled Goldstone gauge singlets for SU(A^c) and Sp(2Ac) models and 
Nf - 1 for SO{Nc). 

1. Consider first the SU(Ac) theory. In the region 3 Ac/2 < Nf < 3Nc - 3 both the 
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ultraviolet and infrared theories are in their conformal windows and we have 

_ 1-Nf 3(2jV,-l) 9N^ 9(Ar,-l)4 
8 16A^| 16(A^/-1)2 
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In the cases Nf = 3Nc — 1, 3Nc — 2 the infrared theory is free since Nj: = SN^, + 1 and Nj: = 3N^ 
respectively. The infrared value ajR is then computed using r = 2/3 for all chiral superfields of 
the low-energy N^, N'^ theory and the Goldstone fields. The results are 



48(-l + 3A^c) 



16 (-2 + 3iVc 



2. Consider the SO{Nc) theory. In the region 3(iVc - 2)/2 < Nf < ZN^ - 8 both the 
ultraviolet and infrared theories are at their conformal fixed points and we have 



A a = 



48 32 



2iV/ + 8(iV/-iVe + 2)-9(^ 



{Nj -N, + 2f + 



3 ' " 



N, 



{Nf -N, + 2f 



> 



,iV| {Nf-1)\ 

In the cases of Nf = 3iVc — 7, 3iVc — 8 (in the latter case we limit ourselves to A?c > 4 for the 
ultraviolet theory to be in the conformal window) the infrared theory is free so that respectively 

-882 + 1756Nc - 1011 N^ + 180 N^ , -192 + 372Nc - 193 N^ + 30 N^ 
Aa= : -I ->0, Aa= . _ \ tttt^ > 0. 



96 (-7 + SNc 



16 (-8 + SNc 



3. Consider the Sp(2A^c) theory. In the region 3{Nc + l)/2 < Nf < 3Nc + 1 both the 
ultraviolet and infrared theories are at their conformal fixed points and we have 



Aa = 



- Nf 1 

--\ 

24 32 



6(3 - 4iV/) + 96(iV/ -Nc-1)- 108 

'Nc + 1 n. 



Nc + 1 



N 



f 



36 



(Nf - iVc - 1)^ 



N 



> 0. 



In the cases of Nf = 3Nc + 1, 3Nc + 2 the infrared theory is free so that respectively 



A a 



-3 - 16iVc + 41 N"^ + 138 Nl 
16 (1 + 3Ncf 



> 0, and A a 



-28 + 86 AT^ + 471 N^ + 414 A^^ ^ 
48 (2 + 3Ncf 



The mass deformations obviously respect the a-theorem because da/dNf > in all cases (see 
explicit computation in Sec. 3). 

• Deformations of Spin(7) Pouliot model. 

First consider the higgsing of the Spin(7) Pouliot model with 7 < Nf < 14 fundamentals to 
the G2 model with Nf — 1 fundamentals and Nf — 1 Goldstone superfields. 
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In the region 8 < Nf < 14 there are no accidental symmetries either in the ultraviolet or in 
the infrared. Thus we have rg^ = 1 — 5/Nf, ri/^ = 1 — 4:/{Nf — 1) and = 2/3. The flow is 

^ ;i3500 - 27000iV/ + 7523iV| - 141iV? + 69Nj + iV^) > 0. 



Aa 



144iV|(iV/ - 1)2 



Note that for Nf = 13, 14 the infrared G2 theory is free. In this case we have 

3781 , 859 

, Aa (Nf = 14) = . 

2704' ^ ^ '588 



Aa [Nf = 13) 



For Nf = 7 the UV theory has an accidental symmetry. One has 

1945 

Aa 



2352 



Mass deformations. By giving a mass to one of the flavors one can generate the flow 

Nf ^ Nf - 1. Obviously, auv -ajR = a (Nf) - a {Nf - 1) > 0. 

• The results of computations for the flows induced by Higgsing of Distler-Karch supercon- 

formal models are given in Table 3. 

Table 3. Higgs deformations of Distler-Karch models. 



Higgsing 



auv — o-iR 



Fa 



Spin{8) 



2623 
300 



Fa 



2377 
1200 



175 
64 



• Mass deformation of model [p^]. By giving a mass to one of flavors the theory with 
Nf = 5 is driven to a new conformal flxed point with Nf = 4 flavors Qi and rg = 1/4. The 
theory has an accidental symmetry associated with decoupling of the 16 mesons Mij = QiQj, 
tm = 2/3. For the flow from Nf = 5 to Nf = 4 we have 

85693 

Aa 



19200 



5.3 Models with two types of irreps with uniquely determined S current 

This set of models includes those given in refs. [0] for SU, |jl^, |l^ for SO and Sp gauge groups. 
We discuss in detail only the SU Kutasov-Schwimmer models and the Pouliot Spin(7) model 
with Nc + 4: flavors in 8 and singlets . For these models we discuss also various flows between 
conformal fixed points. 



• Consider the Kutasov-Schwimmer model |17| with the SU(A'c) gauge group, A'^^ flavors of 
quarks, Q and Q in the fundamental, and a chiral superfield X in the adjoint representation. 
The superpotential is W = X^~^^. The ii-charges are given in Table 4. 

Table 4. Matter content of Kutasov-Schwimmer models. 
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The theory has a dual with gauge group S\J {kNf — Nc), with Nj flavors of (□+□), an adjoint 
and gauge singlets. The conformal window is presumed to be the region in Nf, Nc where both 
the electric and magnetic theories are asymptotically free, 



2k - 1 

There is an accidental symmetry in the range 



<Nf < 2Nc 



2iVc 
2k -1 



<Nf< 



3iVe 

k + V 



where it corresponds to QX^Q out of the unitary region for one or more values of j. This 
accidental symmetry may appear in the conformal window for any k > 2 (and sufficiently large 
Nc). In particular, for = 2 it appears for Nf < Nc, and for /c = 3 it appears for Nf < 2>Nc/^. 

The only explicitly renormalizable Kutasov-Schwimmer model corresponds to /c = 2, and 
it is studied below. The A; = 3 theory can be made renormalizable in part of its conformal 
window, and this is discussed in section 6. 



In the case of absence of the accidental symmetry we may use eqs. ( 2.28 ). We have 




16 N2 
(A; + l)3iV2 



2 iVf + 1 
^ 3 k + l 



16 N^ 10 N'^ + 1 
(A; + 1)3M^"9" k + l 



Aa = 

32 



1) 



16 N^ 
{k + l)^N] 



2N^ + 1 

H 

3 k + l 



4NfN, 
27 



(5.36) 



It is obvious that Aa > in the conformal window since for all chiral fields rj^ < 5/3. 
At /c = 2 we have 

Nc( 2K^' 
24 I N 



Aa 



f 



{Nc + Nf) > 0. 
agree with the results for Seiberg's QCD at 



Note also that the first two equations in ( |5.3(: 
k = l. 

We now consider the contribution of the accidental symmetry. We concentrate on the 
renormalizable case, k = 2. In the region 2Nc/3 < Nf < Nc, the meson operator M = QQ has 
rjv/ = 2(1 — 2Nc/3Nf) < 2/3, so there is an accidental correction to cjr and ajR (5.36). First 
we note that for large Nc and Nf ~ 2Nc/3, the previous formulae ( 5.36| ) for the k = 2 central 
charges without accidental contributions give 



-, a 



(0) 
IR 



24 " 



and are negative. This is not surprising since the theory is effectively nonunitary if the de- 
coupling of the meson field is not taken into account. Positivity is restored by the accidental 
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contribution, and this is an interesting check on the entire hypothesis of accidental symmetry. 
The sum of ( ^.36 ) and the accidental correction ( [4.35| ) are 



"-"-le - IT + IT + 3A^;-o]^> »• 

c,, = -l-~/+iliM._^ + ?J^_jy?^>0. (5.37) 

8 12 12 8 3iV/ 6Nf ^ ^ 

We note that intrinsically positive accidental corrections to ajR decrease auv — ciiR and thus 
tend to threaten the a-theorem. Nevertheless we find that with the accidental contribution 
included 



lliV2 ^4 2N'^ 23NfNc Nj 
GNj ~ 3iv7 24 ^ ~6 



Aa = + ^ i ' + — > 0. (5.38) 



The contribution of the accidental symmetry to b is always negative. However, we find that all 
positivity conditions, including 6 > 0, are satisfied for Nf, Nc in the accidental window. For 
example, for the central charge of the S\J{Nf)Q current we find for k = 2 

biR = ^ {2N] - 2NfN, + N^) > 0. (5.39) 



• Deformations of Kutasov-Schwimmer superconformal models, 
i. Consider now the k ^ k — 1 interpolation. 

The simplest case is to consider W = TrX''^^ + TiX^ with {X) = and unbroken gauge 
group 0. 

As mentioned above our approach is not expected to work for k > 3 where there is no 
renormalizable description of the theory. For A: = 3 and Nc > Nf there is a renormalizable 
description that will be discussed in the next section. Here we just note that in this region in 
the absence of accidental symmetries the central charges are given by eqs. ( ^.361 ) at A; = 3. In 
particular at Nc = Nf > 3 (the only point in the renormalizable conformal window with no 
accidental symmetry) and for the flow ^ = 3— >A; = 2we have 

7 437V2 

Aa= \ > 0. 

768 768 

At A'^c = 2 the k = 2 Kutasov-Schwimmer model is not deflned since TrA^ = 0. Instead one 
can consider the flow from the k = 3 Nf = 2 fixed point in the ultraviolet to = 1, i.e to 
Seiberg's SU(2) SUSY QCD with Nf = 2 flavors. This infrared theory is conflning and the flat 
directions are lifted due to non-perturbative quantum corrections [^]. As a result the SU(4) 
global symmetry is broken to Sp(4). The infrared low-energy theory is described by 5 free chiral 
superfields with r = 2/3. Thus we have 

451 

^"= 768- 



23 



Accidental symmetry. Consider first the k = 3 ^ k = 2 flow with an accidental symmetry 
(QQ) in the IR and none in the UV. This corresponds to 3Nc/4: < Nf < Nc- We have 

3 1121 2iV3 37 A^^^ ^ 

Aa = h — - NfNc H H > 0. 

256 6 ^ 768 3Nf SSiNj 

In the region 2Nc/3 < Nf < 3Nc/^ there is an accidental symmetry {QQ) in both the IR and 
UV, and the above expression has to be corrected. Obviously, Aa > since the accidental 
contribution to the UV theory is positive. 

For Nf < 2Nc/3 the infrared theory is the free magnetic k = 2 theory |jl^ (again we 
must consider N^ > 3). The value of a//j can be computed by assigning r = 2/3 to all chiral 
superfields of the magnetic theory. In the region 6Nc/ll < Nf < 2Nc/3 the ultraviolet theory 
has only one accidental symmetry {QQ) and we have 

51 211 iV2 bN^ 3NfN, N^fN^ 291 N^ 5 N^. N^ 9 N^ 9 N^ 

Aa = I - A - - - - I - H - - - — > 

256 1152 288 4 64 256 1152 32A^/ 128 iV| 

For Nf < 6iVc/ll there is an additional accidental symmetry (QXQ) so that auv increases and 
again Aa > 0. 

Consider the k = 2 ^ k = 1 flow. The infrared theory is just Seiberg's QCD in the conformal 
phase. There is no accidental symmetry in the physical window in the IR, for Nf > Nc- In the 
region Nf > 3Nc/2 the IR theory is at the conformal fixed point we have 

1 N^ 19 N^ ^ 
^« = -48-^ + 48iv|>«- 

For A'^^ < 3Nc/2 the IR theory is free. By using the magnetic description of Seiberg's QCD to 
compute aiR we get 

7 1 N^ 5Nf N^f 

Aa = - I - — > 

48 48iV2 gjY2 i2Ar^ 4N^ 



ii. Higgsing by {X) / 0. 



We now consider the non-trivial stationary point of the deformed superpotential |17] that 
corresponds to the breaking SU(A'^c) SU{Nc — l) x U (1). Consider Nc Nc—1 and k ^ k — 1, 
/c - 2 and A; = 2, 3. 

- The flow k = 2 ^ k = 1, Nc ^ Nc - I {Nc > 3). The infrared theory is Seiberg's 
QCD (plus 2Nf free chiral superfields) so that we have to consider only Nc < Nf < 2Nc. At 
Nc < Nf < 3Nc/2 the infrared theory is confining and can be described by the free magnetic 
theory with r = 2/3 for all chiral superfields. In this case we have 

48 24 4 ^ 8 ^ 12 ^ 48 QN]^ 
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At SNc/2 < Nf < 2Nc the infrared theory is in the non-Abehan Coulomb phase (plus 2Nf free 
chiral superfields) and we have 

7 9 Nf 3N^ 9iVc N^ 27 N^ 9 N^ 19 M 

An = 1 - A - - - A A - > 

12 16Ar2 24 4 4Ar2 24 SA^I 4Nj 48N'^ 

- The flow k = 3 ^ k = 2, Nc ^ Nc-1 {Nc > 4). The infrared theory is in its non-Abelian 
Coulomb phase. If Nc = Nf then there are no accidental symmetries either in the UV or IR. 
Thus we have 

_ 125 _J. 43 iV^ 

~ 256 ^ 6iVf ~ 3iVc ~ 24 ^ 768 ^ ' 

In the region 3A'^c/4 < Nf < Nc there is an accidental symmetry in the IR and none in the UV. 
We have 

256 6A^| 3Nf 24 6 3 3N^ Nf ^ 768 N] 

2N^ 2iV3 2A^3 

H — > 

Nf 3Nf 3Nf 384 Ar2 

In the region 2Nc/5 < Nf < 3Nc/ 4 both the UV and IR theories have accidental symmetries so 
that both auv and o/r increase. This accidental contribution in the UV is crucial for Aa > 
in this region. 

- The flow k = 3 ^ k = 1, Nc = 3. Wc have to consider Nf = 2,3. In both cases the 
infrared theory is Seiberg's SU(2) QCD with Nf flavors in the confining phase. At Nf = 2 
the infrared theory contains just 5 free chiral superfields with r = 2/3. The UV theory has an 
accidental symmetry {QQ). Thus we have 

1453 

Aa = . 

1536 

At Nf = 3 the infrared theory is described by nine free mesons and two baryons (r = 2/3), and 

605 

Aa = — -. 

384 

- The flow /c = 3 — >■ A; = 1, Nc = 2. We have to consider Nf = 2. The infrared theory is a 
U(l) gauge theory with 2 flavors, which is infrared free. We have 

323 

Aa = — . 
768 

iii. Higgsing along flat directions. 

One can change Nc ^ Nc — 1 and Nf ^ Nf — Ihy turning on (QNf) = (QNf) 7^ 0. One 
can show for sufficiently large k which correspond to non-renormalizable models the a-theorem 
is violated due to the negative contribution of Goldstone superfields. However Aa > in the 
renormalizable cases A; < 3. This is the first observed problem with the a-theorem and we 
discuss it in Sec. 6 after further study of non-renormalizable cases. 
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iv. Massive deformations. 

By adding a mass term to one of the flavors one can reduce Nf — > Nj — 1 . This obviously 
gives Aa > since da/dNf < 0. 

• Spin(7) Pouliot model with Nc + 4: spinors 8, qi, with = 1 — 5/{Nc + 4), singlets M^^ jy 
with vm = W/{Nc + 4). There is a superpotential Mqq. We have 

_ -398 + 87Nc + 74 + 38 - _ 3( -308 + 42 TV^ + 44 + 23 - N^) 

16 (4 + N,Y ' "~ 32 (4 + NcY ' 

For the flow from the ultraviolet free theory to the conformal fixed point we have 

(-11 + Ncf (42 + 23 7Vc + ^nA 

= isTITT^y^ ^>o- 

Higgs deformation of the model: one can check that Aa > under the flow A'^c ^ A'c — 1 in the 
conformal window (Nc < 10). 

6 Nonrenormalizable Kutasov-Schwimmer Models 

In this section we shall study flows of central charges in models which are non-renormalizable 
as fundamental theories with Kutasov-Schwimmer models for A: > 3 as examples. It is open to 
question whether our method is correct for non-renormalizable theories, but we analyze the data 
first and then discuss the situation. To simplify the presentation we shall restrict to large Nc 
and set Nf = xNc, and we shall take k < 5 and 3A'^c/(^ + l) < Nf < 2Nc to avoid complications 
of accidental symmetry. The upper limit is the naive asymptotic freedom condition. Many more 
cases were actually studied with results in the same pattern we report here. 

In the large Nc, Nf region the value of ajR in ( ^.36 ) for the case W = Tt X'^^^ is 



which is positive in the region indicated above. The S-current method by which this value is 
computed implicitly assumes that there is a free ultraviolet fixed point and that the current 
is well defined along the RG flow. If we make this assumption then the o-theorem is satisfied 
for the fiow from this fixed point since r < 5/3 for both adjoint and fundamentals. 

We can also test the a-theorem for fiows which interpolate between non-trivial fixed points 
in the Kutasov-Schwimmer series. Indeed, evidence was given in |l^, ^ that in the perturbed 
theory with W = TtX'''^^ + TrX*^, there are fiows from the {k + l)-fixed point theory in the UV 
(where TrX*^ is an irrelevant operator) to the /c-fixed point theory in the IR (where TrX*^"*"^ is 
irrelevant). Therefore the differences a{k -|- 1) — a{k) provide further tests of the theorem in the 
new situation of interacting critical theories at both ends of the flow. The differences and their 
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signs are as follows: 

a(3) - a(2) = 
a(4) - a(3) 

a(5) - a(4) 

a(6) - a(5) 



9iV| 
32 
_ 9iV| 
32 

_9Nl 
32 

_ 97V^ 
32 



.148 + 



-.143 



-.125 



1.407 



.342 



.122 



-.102 + 



.054 



>0, 

<o, 
>o, 
<o, 
>o, 

<o, 
>o, 



-<.<2; 



1.546 <x <2 
Kx < 1.546 
.988 <x <2 
.75 < X < .98^ 
.728 < a; < 2 
.6 < X < .728. 



(6.41) 



We thus observe additional violations of the a-theorem, which occur in the 3 non-renormalizable 
cases above for x in the upper part of its allowed range. We will discuss this below, but let us 
digress briefly to discuss a special property of the W = TtX^ theory, which will strengthen our 
inference that failure of the a-theorem is due to non-renormalizability. 

We consider a theory whose field content is that of the Kutasov-Schwimmer model with 
an extra chiral superfield in the reducible adj © 1 representation of the gauge group. The 
superpotential is W = -TtY'^ + 2Tr{YX^). The field Y is massive and may be integrated 
out to give We// = TrX"^. Thus the new theory is equivalent to the W = TrX'* Kutasov- 
Schwimmer theory in the infrared, and is renormalizable, asymptotically free and without 
accidental symmetry in the reduced range 3A'^c/4 < Nf < Nc- In the presence of the new chiral 
superfield Y the value of auv changes so that for the flow from the ultraviolet free flxed point 
to the infrared we have 



A a 



7 
768 



NfN, 
24 



+ 



49iV2 
768 



128 iV| 



> 0. 



The computation above for a(4) — a(3) was valid only for x > 1 because we did not include 
accidental contributions. However we can now add the previously computed contribution to 
a(3) namely Aa(3) = N^{1 — x)^(4 — x)/6x (which should be multiplied by a step function 
9(1 — x)). The new result for the flow of a, namely a(4) — a(3) — Aa(3) is now valid for 
.75Nc < Nf < Nc and is positive in this range. So the observed violation above occurs only in 
the non-renormalizable region. 

We must consider the question whether one can expect the a-theorem to hold for non- 
renormalizable theories. In two dimensions, Zamolodchikov assumed Wilsonian renormalizabil- 
ity in his proof of the two-dimensional c-theorem. The structure of the theory above some large 
cutoff A was not relevant to his demonstration that the c- function C{g{iJ,)) is monotonically 
decreasing toward the infrared below this scale. In the approach of Cappelli, Friedan and La- 
torre |^ the ultraviolet central charge cjjv is expressed as an integral over a Lehmann weight 
function, and the integral diverges in a (power-counting) non-renormalizable two-dimensional 
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theory. The well known Cardy sum rule cuv — cir ~ / d?x x'^{@{x)Q{0)) also diverges. It is 
entirely possible that in future work an A-function can be identified and monotonicity proven 
without assumptions concerning the ultraviolet behavior. However, at present we have theoret- 
ical control of the Euler anomaly coefficient only at fixed points, and one must expect that this 
control is lost in the ultraviolet limit of a non-renormalizable theory. One possible technical 
reason is a problem with the S'-current method we have used. The S'-current can be viewed as 
the solution of the operator mixing problem for the current R^. In a renormalizable theory it 
can mix only with a flavor singlet combination of Konishi currents, but in a non-renormalizable 
theory there are an infinite number of possibilities. 



7 Theories with additional global U(l) symmetries 



In theories with anomaly-free global U(l)_p symmetries the /^-symmetry is not unique and we a 
priori do not know which /^-symmetry participates in the superconformal algebra of the infrared 
theory. As a result we cannot determine ajR, hjR and cm by the procedure described above. 
For simplicity we assume that there is a single \]{1)f symmetry. In this situation the anomaly 
free iZ-current is not unique, and there is a one parameter ambiguity in the choice of constants 
7j* in the anomaly- free and currents of ( 2.19| ) and ( |2.21 ). We choose any member of 
this one-parameter family as a particular iZ-symmetry with current S'^ . This corresponds to a 
particular assignment of -R-charges = (2 + 7*)/3 for chiral superfields $f , each of which has 
a unique flavor charge qi. The most general i?-current is then = — vJ^ where v is a real 
parameter and is the flavor current, and the -R-charges for this current are ri{v) =ri — vqi. 
For one particular value of v this S-current is in the same multiplet as the stress tensor at the 
IR fixed point, but it is usually possible to determine v only near the weakly coupled end of 
the conformal window, where the RG flow is perturbative. 

We can compute the anomaly coefficients aiji{v), biR{v), cir{v) as functions of v from 
( p. 281 ) and use the various positivity conditions to constrain the value of v. A weak check of 
the a-theorem and conformality is then provided by the constraint that there exist a region in 
V for which all of the positivity conditions are satisfied. Conversely, these positivity conditions 
constrain the scaling dimensions of operators at the fixed point. Furthermore, the physically 
allowed value of v is restricted by the assumption that all chiral composite fields have r[v) > 2/3 
so that unitarity is satisfied without accidental symmetry. 

We now illustrate this procedure for the Sp(2A^c) gauge theories with 2Nf fundamentals and 



one two- index symmetric tensor, previously studied in |29], where evidence for a non-Abelian 
Coulomb phase was given in the conformal window < Nf < 2Nc + 2. The charges of the 
fields under the global symmetries are given below, with a simple choice for the anomaly-free 
^-symmetry. 
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As discussed above the value of v is constrained by unitarity. For this model and 5^ must 
have scaling dimension greater than one, or ii-charge greater than 2/3. This requires v to lie 
in the range 

and also determines the lower limit on Nf in 

^^^<iV^<2(iV, + l), (7.43) 



where the upper bound is from asymptotic freedom. Equations ( 7.42| ) and ( 7.43| ) determine the 
triangular "physical region" of the two parameters Nj and v. It is actually expected [^9| that 



V exits from the triangular physical region below some value of Nf. In this case an accidental 
symmetry is required, and our analysis is valid only above this value of Nf. In the v — Nf plane 
we plot the curves cjji{v,Nf) = and ajji{v,Nf) = for various values of Nc. The results, 
shown in Figs. 1-3, indicate that positivity cir > and ajR > holds in the entire physical 
region. Further, the flow auv — 0.IR and the value of hm for both SU(A'^y) and U(1)f central 
charges is positive in the entire region shown. Thus there is no constraint on the parameter v 
from any of the positivity conditions studied. 
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Fig. 2. Positivity conditions are satisfied below the c = and a = curves, 
which includes the entire physical region. The short dashed line is the weak 
coupling limit of v from ( 7.4(]| ). Results are shown for various J^c- The flow 
a\jY — ajR and bm are positive everywhere in the graphs. 



Near the edge of the conformal window, i.e. near the upper bound for Nf, we can determine 
the scaling dimensions of operators perturbatively, hence determining the correct i?-current 
order by order in the gauge coupling at the fixed point, a-t. The anomalous dimensions for the 
operators and S"^ are, near the point Nf/{Nc + 1) ~ 2 fl^, |2|], 

75^ = --(A^c + l)+0(a2) 
vr 

7Q2 = -^(iVc + 0+O(a2). (7.44) 

Defining e = 2- Nf/{Nc + 1), vanishing of the beta function, /3 oc 4(iVc + 1) - 2iV/ + 2{Nc + 
1)752 + 2Nf^Q2, to order e determines the gauge coupling and anomalous dimensions, 

-75^ = -(iVc + l) = f + 0(^'). (7.45) 
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Since the scaling dimensions are proportional to the /^-charges, this fixes v to be 



V = 




) 



2 



3 



e 



6 



(7.46) 



At the point Nj = 2{Nc + 1), auy — am = 0. This point is a local minimum as a function 
of Nf and v, so the flow is necessarily positive as v moves away from the free field value. In 
fact, the perturbative analysis is certain to preserve positivity since bin, cir and am are large 
and positive near the free point. 

8 Review of Results 

Let us summarize the conclusions of this paper. There are rigorous positivity constraints on 
the flavor current and WeyP trace anomaly coefficients in any renormalizable four-dimensional 
theory which flows from a conformal theory in the UV to another in the IR. These constraints 
arise because the fixed-point values of the anomaly coefficients coincide with central charges of 
the conformal algebra at the fixed point, and the central charges must be positive by unitarity. 
This part of the argument was first presented in [^. There are additional conjectured positivity 
conditions on the Euler anomaly coefficient a{g{ii)) and on its flow from the UV to the 
IR. In particular the only viable candidate for a universal c-theorem in four dimensions seems to 
be the inequality ajjv — ^IR > 0. There is no proof of this result, so it is important to test it in 
models where both the UV and IR behavior are known. It is fortunate that many such models 
are now known from the study of iV = 1 Seiberg duality. Because of asymptotic freedom the 
UV values of the anomaly coefficients can be simply obtained from lowest order 1-loop graphs, 
but the IR values are more difficult because the coupling is strong at long distance. It was 
first shown in that the IR values can be easily computed from the \]{1)rFF, U(l)ij, and 
U(l)jj anomalies which are usually calculated to establish the IR equivalence of the electric and 
magnetic duals. This is possible because of the close relation between the trace anomaly and 
the anomalous divergence of the current in global and local supersymmetry. Results ^ 

of tests of the positivity conditions in the SU(A^c) series of SUSY gauge theories showed that all 
conditions were satisfied throughout the conformal window, and that other possible c-theorem 
candidates could be ruled out. 

The major purpose of the present paper was to test the positivity constraints in many 
more models. For this purpose we developed general formulae ( ^.281) for the infrared anomaly 
coefficients in terms of the anomaly free i2-charges. In models where the non-anomalous R- 
charges are unique, a precise test of the positivity conditions can be carried out with little 
difficulty, and this has been done for the rigorous conditions bjR > and cjr > for flavor and 
WeyP anomalies, as well as the a-theorem itself and the associated condition am > 0. In many 
cases positivity can be established from rather weak sufficient conditions, but a closer analysis 
is required for models with accidental symmetry and for flows between interacting flxed points 
generated by a relevant perturbation or Higgs deformations of the UV flxed point theory. All 
conditions are satisfied in the large number of renormalizable theories we have studied, but there 
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are counterexamples for interpolating flows in non-renormalizable theories where ajjv ~ <^IR can 
have either sign. There is considerably less theoretical control in non-renormalizable cases and, 
even in two dimensions, tests of the c-theorem which involve the ultraviolet limit of a power- 
counting non-renormalizable theory seem to be problematic. Provisionally, then, we believe 
that the cases of negative flows in non-renormalizable should not be viewed as ruling out a 
universal a-theorem. 

The assignment of i?-charges in theories conjectured to be in the non-Abelian Coulomb 
phase is important for the understanding of infrared dynamics because the N=l superconformal 
algebra necessarily includes the generator of U(l)ij transformations. This assignment is not 
guaranteed to satisfy the rigorous positivity conditions, and the fact that these are satisfied is 
a broad consistency check of = 1 duality. The fact that am > and auv — clir > in all 
renoromalizable models is very strong evidence that there is a universal a-theorem, and that 
the RG flow is irreversible in four-dimensional supersymmetric theories, and perhaps more. We 
hope that this empirical result might stimulate a successful theoretical proof. 

It is worth noting that the present approach is not immediately applicable to some super- 



conformal models with N = 2 ^ |32|, |33|] and N = 1 . It would be interesting to extend 
the present method to these cases. Note that an approach to the computation of the flavor hm 
in the N = 2 theories has been recently suggested in [51]. 
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A Appendix: Tests of a possible 6-theorem 

We present here tests of the inequality huv ~ ^IR > for the flow of flavor current central 
charges in the situations i-iv for which previous tests of the a-theorem were discussed in Sec. 2. 

(i) Let us assume (as was done in |5|) that SU(A''c) QCD is realized in a conflned phase with 
chiral symmetry breaking, so the massless spectrum consists of — 1 Goldstone bosons 
which decouple in the long distance limit. For the baryon number current one clearly has 
hjjv — bjR > since there are no massless baryons. For a current of the vectorial S\J{Nf) 
flavor group, on the other hand, we find bjjv oc 4A^c and bm oc Nj with a common 
constant of proportionality. Thus buy — bin changes sign within the region of asymptotic 
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freedom. Of course this could just mean that the conjectured Goldstone reahzation fails 
for 4iVc < < lliVc/2. 



To investigate the 5-theorem for large Nc, Nj we can make use of the well known QED 
/3-function. Up to two- loop order it is given by PqEDioi) = + The graphs for the 
flavor current correlator in QCD are obtained from the identical QED graphs (see Fig. 
3) by replacing the U(l) coupling by the SU(A^/) flavor matrix /2 at each external 
vertex and by the gauge coupling matrix gt"" /2, where t"" is an SU(A''c) color matrix at 
each internal vertex. The point is that these replacements preserve the relative positive 
sign between the one and two-loop contributions. 




Fig 3. The graphs for the flavor current correlator. 



The current correlator then takes the form 



Tr (T 



A\2 



*2] 



where /o is a positive constant and the fixed point value of the coupling is - 
The same is true for the correlator of baryon number currents. Thus buv 
[N,-{N, + pg*^)]<0. 
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One may also test a possible 6-theorem in the free magnetic phase of SU(A''c) SUSY 
QCD as follows. In the ultraviolet we compute bjjv from the free field {R^J^JP) corre- 
lator in the electric theory. The infrared value bm is obtained from a similar free field 
computation in the magnetic theory. The difference is 



buv — biR = — 1 



1 



2N3N 



f 



Nf-Nc 



2NfN, 



2NfN, 
Nf-N, 



[Nf-2N,], 



(A.2) 



which is negative in the entire free magnetic region. Hence the 6-theorem fails again. 

In the entire conformal window 3Nc/2 < Nf < 3Nc of SU(A'^c) supersymmetric QCD, it 
is known Q that buv ~ biR < in both electric and magnetic theories for the baryon 
number central charge. We present here a more general computation for an electric 
type theory with Nf copies of {R (B R), and we include a mass deformation, making n 
flavors massive. For a current of the low energy SU(A'^^ — n) flavor group, we have, using 
Tr (T^)"^ = 1/2, the central charges buv = dimi? at the free UV point, and 



3dimi? 



T{G) 



2{Nf - n) T{R) 
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for the interacting fixed point theory with Nf — n massless flavors. One can then see 
that asymptotic freedom imphes bjjv — bn < so the 6-theorem fails for a flow from the 
free UV fixed point to any of the IR fixed point theories. Furthermore bm — 

< if 

ni < 712, so the flow between any pair of fixed point theories in which the number of 
massless quarks decreases also violates a 6-theorem. At this point one might think that 
an anti-6-theorem holds in supersymmetric theories. However this is not the case for 
Higgs deformations. To see this we consider the basic Higgs deformation of the SU(A'^c)) 
SU(A^/) theory, leading to the SU(iVc- 1), SU(iV/ - 1) IR theory plus 2{Nf - 1) decoupled 
Goldstone fields. For an SU(A'^^ — 1) flavor current we have bfjv = at the free UV 
point, while = 3{Nc - lf/{Nf - 1) + 1 in the Higgsed low energy theory. The 
contribution +1 comes from Goldstone fields. One sees quite easily that bjjv — can 
have either sign in the conformal window, and the same is true for the flow from the 
SU(A^c), SU(iV/) fixed point to that of the Higgsed theory. 

The conclusion of this analysis is that the flow of flavor central charges does not have a 
recognizable universal property. 



References 

[1] A.B. Zamolodchikov, "Irreversibility" of the Flux of the Renormalization Group in a 2D 
Field Theory, JETP Lett. 43 (1986) 730. 

[2] D. Anselmi, Central Functions and their Physical Implications, hep-th /9702056| . 

[3] D. Anselmi, D.Z. Freedman, M.T. Grisaru and A. A. Johansen, Nonperturbative Formulas 
for Central Functions of Supersymmetric Gauge Theories, hep-th/9708042 . 

[4] F. Bastianelh, Tests for c-theorems in 4D, Phys. Lett. B 369 (1996) 249. 

[5] J.L. Cardy, Is There a c-Theorem in Four Dimensions?, Phys. Lett. B 215 (1988) 749. 

[6] A. Cappelli, D. Friedan and J.I. Latorre, c-Theorem and Spectral Representation, Nucl. 
Phys. B 352 (1991) 616. 

[7] I.I. Kogan, M. Shifman, A. Vainshtein, Matching Conditions and Duality in N=l SUSY 
Gauge Theories in the Conformal Window, Phys. Rev. D 53 (1996) 4526. 

[8] V. Novikov, M.A. Shifman, A.I. Vainshtein, V. Zakharov, Exact Gell-Mann-Low Function 
of Supersymmetric Yang-Mills Theories from Instanton Calculus, Nucl. Phys. B 229 (1983) 
381. 

[9] S. Christensen and M.J. Duff, Axial and Conformal Anomalies for Arbitrary Spin, Phys. 
Lett. B 76 (1978) 571. 



34 



[10] X. Vilasis- Car dona, Renormalisation Group Flows and Conserved Vector Currents, Nucl. 
Phys. B 435 (1995) 735; |hep-th/9404150| . 

[11] D.Z. Freedman, K. Johnson and J.I. Latorre, Differential Regularization and Renormaliza- 
tion: a New Method of Calculation in Quantum Field Theory, Nucl. Phys. B 371 (1992) 
353. 

[12] H. Osborn, Derivation of a Four Dimensional c theorem, Phys. Lett. B 222 (1989) 97; 
I. Jack and H. Osborn, Analogs for the c Theorem for Four-Dimensional Renormalizable 
Field Theories, Nucl. Phys. B 343 (1990) 647. 

[13] D.Z. Freedman, J.I. Latorre and X. Vilasis, Illustrating the Spectral Form of the c-Theorem, 
Mod. Phys. Lett. A 7 (1991) 531. 

[14] T. Banks and A. Zaks, On the Phase Structure of Vectorlike Gauge Theories with Massless 
Fermions, Nucl. Phys. B 196 (1982) 189. 

[15] J.I. Latorre and H. Osborn, Modified Weak Energy Condition for the Energy Momentum 



Tensor in Quantum Field Theory, bep-th/9703196 



[16] D. Anselmi, M. Grisaru and A. Johansen, A Critical Behavior of Anomalous Currents, 



Electric-Magnetic Universality of CFT4, Nucl. Phys. B 491 (1997) 221, |hep-th/9601023 



[17] D. Kutasov, A Comment on Duality in N=l Supersymmetric Gauge Theories, Phys. Lett. 



B 351 (1995) 230, |hep-th/9503086 



D. Kutasov and A. Schwimmer, On Duality in Supersymmetric Yang-Mills Theory, Phys. 
Lett. B 354 (1995) 315, |hep-th/9505004 . 

[18] K. Intriligator, New RG Fixed Points and Duality in Supersymmetric Sp(A'^c) and SO(A'^c) 



Gauge Theories, Nucl. Phys. B 448 (1995) 187, |hep-th/9505051 



[19] K. Intriligator, R.G. Leigh and M.J. Strassler, New Examples of Duality in Chiral and Non- 



Chiral Supersymmetric Gauge Theories, Nucl. Phys. B 456 (1995) 567, |hep-th/9506148 



R.G. Leigh and M.J. Strassler, Duality of Sp(2iV) and SO(A^) Supersymmetric Gauge 
Theories with Adjoint Matter, Phys. Lett. B 356 (1995) 492, |hep-th/9505"088 

[20] G. 't Hooft in Recent Developments in Gauge Theories, Eds. G. 't Hooft et al. (Plenum 
Press, New York, 1980); 

Y. Frishman, A. Schwimmer, T. Banks and S. Yankielowicz, The Axial Anomaly and the 
Bound-State Spectrum in Confining Theories, Nucl. Phys. B177 (1981) 157. 

[21] I. Jack, Background Field Calculations in Curved Spacetime, Nucl. Phys. B253 (1985) 323. 

[22] R.G. Leigh and M.J. Strassler, Accidental Symmetries and = 1 duality in Supersym- 
metric Gauge Theory, Nucl. Phys. B 496 (1997) 132-, |hep-th/96H"020| . 



35 



[23] N. Seiberg, Electric-Magnetic Duality in Supersymmetric Non-Abelian Gauge Theories, 
Nucl. Phys. B435 (1995) 129. 

[24] K. Intriligator and P. Pouliot, Exact Superpotentials, Quantum Vacua and Duality in 
Supersymmetric Sp(iVc) Gauge Theories, Phys. Lett. B 353 (1995) 471, |hep-th/950500^ . 

[25] P. Pouliot, Chiral Duals of Nonchiral SUSY Gauge Theories, Phys. Lett. B 359 (1995) 
108, |hep-th/95070T8 . 

[26] J. Distler and A. Karch, N=l Dualities for Exceptional Gauge Groups and Quantum Global 
Symmetries, bep-th/9611088. 

[27] N. Seiberg, Exact Results on the Space of Vacua of Four Dimensional SUSY Gauge The- 
ories, Phys. Rev. D 49 (1994) 6857, |hep-th/9402044 . 

[28] D. Kutasov, A. Schwimmer and N. Seiberg, Chiral Rings, Singularity Theory and Electric- 
Magnetic Duality, Nucl. Phys. B 459 (1996) 455, |hep-th/951022^ . 

[29] M. A. Luty, M. Schmaltz and J. Terning, A Sequence of Duals for Sp(2A'^) Supersymmetric 
Gauge Theories with Adjoint Matter, Phys. Rev D 54 (1996) 7815. 

[30] Philip C. Argyres and Michael R. Douglas, New Phenomena in SU(3) Supersymmetric 



Gauge Theory, Nucl. Phys. B 448 (1995) 93, |hep-th/9505062 



[31] P.C. Argyres, M.R. Plesser, N. Seiberg and E. Witten, New N = 2 Superconformal Field 
Theories in Four Dimensions, Nucl. Phys. B 461 (1996) 71, ^ep-th/9511154 ; 



P.C. Argyres, M.R. Plesser and N. Seiberg, The Moduh Space of iV = 2 SUSY QCD and 

Duality in TV = 1 SUSY QCD, Nucl. Phys. B 471 (1996) 159, |hep-th/960304^ ; 

Philip C. Argyres, M. Ronen Plesser and Alfred D. Shapere, N = 2 Moduli Spaces and 

N = 1 Dualities for SU(Arj and USp(2iVc) SuperQCD, Nucl. Phys. B 483 (1997) 172, 

hep-th/9608129| . 

[32] Joseph A. Minahan and Dennis Nemeschansky, Superconformal Fixed Points with E„ 
Global Symmetry, Nucl. Phys. B 489 (1997) 24, |hep-th/9610076| ; 

An N = 2 Superconformal Fixed Point with Eg Global Symmetry, Nucl. Phys. B 482 

(1996) 142, [hep-th/9608047 . 

[33] Ori J. Ganor, Toroidal Compactification of Heterotic 6D Noncritical Strings Down to Four 
Dimensions, Nucl. Phys. B 488 (1997) 223, |hep-th/9608109| ; 

Ori J. Ganor, David R. Morrison and Nathan Seiberg, Branes, Calabi-Yau Spaces and 
Toroidal Compactification of the = 1 Six- Dimensional Eg Theory, Nucl. Phys. B 487 

(1997) 93, |hep-th/9610251 . 



[34] Ofer Aharony, Shamit Kachru and Eva Silverstein, New = 1 Superconformal Field 
Theories in Four Dimensions from L>-Brane Probes, Nucl. Phys. B 488 (1997) 159, hep- 
th/961020^. 



36 



[35] Yeuk-Kwan E. Cheung, Ori J. Ganor and Morten Krogh, Correlators of the Global Sym- 
metry Currents of 4D and 6D Superconformal Theories, hep-th/9710053. 



37 



